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We prove the following theorem. 
"I'neorem. I f  G is a balanced bipartite graph with bipartition (A, B), [A I = IBI = n, such that for 
any x ~ A,  y ~ B, d(x) + d(y) >>- n + 2, then for any (nl, n2), ni >I 2, n ----- n I + hE, G contains two 
independent cycles of  lengths 2nl and 2n2. 
1. Introduction 
M.H. E1 Zahar [5] generalised the condition of G. Dirac [2] and proved that if 
the minimum degree 6(G) of a graph with n vertices atisfies 
r½n:,l + I n21 
for (n~, n2) with n i ~ 3, n = n~ + n2, G contains two independent cycles of lengths 
n~ and n 2. 
In [1] we generalised the condition of O. Ore [8] and proved that if G has no 
less than ½(n- 1 ) (n -  2)+ 2 edges and if n = nl + n2 + " '"  + nk, G contains k 
independent cycles of lengths nx, n2, • • • ,  nk except in two cases. We generalised 
too the condition of J. Moon and L. Moser [7] for bipartite graphs. If G is a 
balanced bipartite graph with 2n vertices, if G has no less than n(n-  1)+ 2 
edges, G is hamiltonian. 
J. Mitchem and E. Schmeichel [6] proved that G is bipancyclic and we proved 
[1] that if n = nl + . . .  + rig, ni >t 2, G contains k independent cycles of lengths 
2n l ,  2n2,  • • • , 2nk. 
In [2] and [3] we have the result of J.A. Bondy and V. Chv~ital: if G is a 
bipartite graph with bipartition (A ,B)  such that IAl-IBl=n if for any x cA ,  
y • B d(x) + d(y) >- n + 1, G is hamiltonian. 
We prove the following theorem. 
Theorem. I f  G is a balanced bipartite graph with bipartition (A, B), IAI = IBI = n 
such that for any x • A ,  y ~ B, d(x) + d(y) >I n + 2, then for any (nl, n2), ni >12, 
n = nl + n2, G contains two independent cycles of  lengths 2nl and 2n2. 
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2. Notations 





is the number of edges joining x to H, 
is the number of edges of H, 
is the number of edges joining F to H, 
is the vertex-set of H. 
If ul, • • •, up are vertices of G, not in H, H + (uz, • • •, uj,) is the subgraph of 
G with vertices u~, . . . ,  up and the vertices of H. 
If v l , . . . ,  vk are vertices of H, H - (V l , . . . ,  Vk) is the subgraph of G with 
vertices in H except Vl, • • •, Vk. 
If C is a path or a cycle of G, we give it an arbitrary orientation; if u is a vertex 
of C, u ÷ (resp. u-)  is the successor (resp. the predecessor) of u on the path or 
the cycle for the given orientation. 
Remark. If n is odd, the result of the theorem is the best one as we can see with 
the following example: n = 2p + 1. There is no partition into two cycles of lengths 
2p and 2p + 2 (see e.g. Fig. 1). The proof of the theorem is based on many 
elementary lemmas that we give first. 
3. Elementary iemmas 
G is a balanced bipartite graph with bipartition (A, B) such that [AI = [B] = n. 
Lemma 1. I f  for any x ~ A, y e B, d(x, G) + d(y , G) >I n + 1, G is hamiltonian. 
This result can be found in [4]. 
Lemma 2. I f  G contains a hamiltonian path with endvertices a and b such that 
d(a, G) + d(b, G) >t n + 1, then G is hamiltonian. 
o 
X o X 0 
O 
Fig. 1. 
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Lemma 3. I f  there is a partition of G into two paths with endvertices (a~, b 0 and 
(a2, b2), ai • A,  bi • B such that 
d(al, G) + d(b2, G) >t n + 1, 
d(a2, G) + d(bl, G) >I n + 1, 
then G is hamiltonian. 
Lemma 4. I f  F is a path (a cycle) in G with 2p vertices and if (a, b) is an edge of 
G with no vertex in F, such that d(a, F )+ d(b, F )~p + 1, then the subgraph 
F + (a, b) is traceable (is hamiltonian). 
Lemma 5. I f  F is a path (a cycle) with 2p vertices and if a • A, b • B are two 
vertices not in F, such that d(a, F) + d(b , F) >~ p + 2, then the subgraph F+ (a, b) 
is traceable ( hamiltonian ). 
Lemma 6. I f  a • A, b • B are vertices of a cycle F with 2p vertices such that 
d(a +, F) + d(b +, F) >~ p + 2, F contains a path with endvertices a and b. 
4. Structure lemma 
Structure lemma. I f  n = nl + n2 and if for any x • A, y • B, d(x, G) + d(y, G) >i 
n + 2, there is a partition of G into two balanced bipartite subgraphs (Gx, G2) or 
(F1, F2) such that one of the following conditions is satisfied: 
(1) IV(G,)I = 2ni and i f  x • A ,  y • B are in Gi, d(x, Gi) + d(y, Gi) >i ni + 1; 
(2) Ird = 2(n i -  1), F~ is traceable, Ir l = 2(nj + 1) j~i ,  F2 is hamiltonian and if 
u • A, v • B are in F2, d(u, F2) + d(v, 1"2) >I nj + 2. 
Proof. Let (G1, G2) be a partition of G such that: 
(i) [V(Gi)[ = 2ni and G~ contains a hamiltonian path, 
(ii) e(G1) + e(G2) is maximum among all partitions that satisfy (i). 
If (G1, G2) does not satisfy (1) then in one of the subgraphs, say G1, there are two 
vertices a e A, b e B such that d(a, G1) + d(b, G1) <~ nl. Suppose first there is in 
(71 a hamiltonian path with endvertices u and v such that d(u, G~) + d(v, G1) ~< 
n~. Then we choose these vertices for a and b. Else, the endvertices u and v of 
any hamiltonian path in 6;1 satisfy d(u, (711)+d(v, G~)>~n~ + 1; Gx is hamil- 
tonian. By Lemma 6, G~ would satisfy the condition (1) of the structure lemma. 
Let F~ = G1 - (a, b); F1 is traceable. 
Let ~ = 6;2 + (a, b); d(a, F2) + d(b, F2) I> n2 + 2. By Lemma 5, F2 is traceable. 
Suppose there are two vertices u • A, v • B in F2 such that d(u, I'2) + d(v, F2) <~ 
n2+ 1. A similar argument shows that we can choose u and v such that 
G~ = F1 + (u, v) and G~ = F2 - (u, v) contain hamiltonian paths on 2nl and 2n2 
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vertices. But then, e(G~)+e(G~)>~e(G1)+e(G2)+2 which contradicts the 
maximality of e(G0 + e(G2). [] 
We note (Xo, Yo, Xx, y~,. • . ,  x,, 2, y,,,) a hamiltonian cycle of 12 with X i E A ,  Yi ~ B. 
To prove the theorem, we need to know the structure of F2 when 12 - (Xo, Yo) is 
not hamiltonian. 
5. Structure of/'2 when/ '2-  (Xo, Yo) is not hamiitonian 
Let F~ = 12 - (Xo, Yo). F~ contains the hamiltonian path (xlylx2Y2" • x,,,y,,2). F~ 
is not hamiltonian. By Lemma 2 and the structure lemma: 
d(Xl, r~) + dfy~2, r9  = n2. 
xl is adjacent to Yl, Yj~, • • •, Yjp, 2 <~js <- n2 - 1, Yn2 is adjacent o xi,,. • . ,  xi~_,, x~, 
2~<ir~<n2-1 with p+k=n2 and {1 , j z , . . . , jp}U{ i l ,  i2 , . . . , i k_ l ,  n2}= 
{1 ,2 , . . . ,n2} .  
We have to distinguish two cases. 
Case A. There is k, 2~k<~n2-  1, such that the edges (Xl, Yk+x) and (Xk, y,,~) 
exist. 
Lemma 7. I f  1"2 - (Xo, Yo) is not hamiltonian and if the edges (xl, Yk+O and (xk, y,~) 
exist, then Xo is adjacent to Yk, Y~z is adjacent to Xk+l and one of  the subgraphs 
12-  (Xo, y~) or 12 - (xl, Yo) is hamiltonian. 
Proof. In 12- (Xo, Yo) we consider the hamiltonian paths: 
(xl " " " Xky,,x,," " " Xk+lYk) 
and 
(Xk+lYk " " "XxYk+l" "" Yn~). 
By Lemma 2 and the structure lemma 
d(xa, 12) + d(yk, 1"2) >I n2 + 2 
d(xl, 12) + dtyk, r9  = n2 
so  d(yk, xo)= 1. 
A similar argument shows that 
d(Xk+l, Yo) = 1. 
We consider now the hamiltonian path 
(y lX2  • • . Xk + lYoX lYk  + 1 • • • Xn2 ) .  
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If F2- (Xo, Y~2) is not hamiltonian, a similar argument shows that d(y~, Xo)= 1. 
And F2-  (xx, Yo) is hamiltonian. [] 
Case B. x 1 is adjacent o ya, Y2, • • •, Yp, and Yn~ is adjacent o Xp+~, . . . ,  x ,  2 for 
l<~p<~n. 
Lemma 8. If  F2 - (Xo, Yo) is not hamiltonian and if Xl is adjacent o Yl, • • •, Yp, and y,~ 
is adjacent o Xp+l, • • •, x,~ then 
(i) {xl, x2, • • • , xp, Yp+l, Yt,+2, • • • , Y,,~} is an independent set, 
(ii) the subgraphs ( (x l , . . .  ,xp),  (Yo, Y l , . . .  ,Yp)) _((Yp+l, .... ,Y,,2), (xp+l,-- •, 
x,,~, Xo)) are complete bipartite subgraphs. 
Proof. (i) Suppose there is an edge (xi, yj) for 1 ~< i <~p, and p + 1 <-j <- nz, then 
F~ contains the hamiltonian cycle (X lY l "  " "x iY jX j+ 1 . . . .  yn~X]y j - l "  " " Y i ) "  
(ii) For l<~i<~p and p+l<- j<-n2 ,  xi is independent of Y~,÷I,-.- ,Y-2, YJ is 
independent of Xl, • • •, xp; 
d(xi, F2) <~ n2 + 1 -  (n2 - p ) = p + 1, (1) 
d(yj, F2) ~ n2 + 1 -  p.  (2) 
By the structure lemma d(xi, F2)+ d(yj, irE)I> n2 + 2. So we obtain equalities in 
(1) and (2) and any edge not forbidden exists. [] 
Lemma 9. In case B ,  if  F2 -  (xl, Yo)/s not hamiltonian, i f  n 2 is odd ,  F 2 is the graph 
E1 with p = ((n2 + 1)/2), /f n2 is even, -rE is the graph E2 with p = (n2/2). For 
1 <- i <~p - 1 and p + 1 <~j <- n2, the subgraphs F2 - (Xo, yj) and F2 - (Xl, Yi) are 
hamiltonian . 
Proof. If F2- (xl, Yo) is not hamiltonian: 
d(xo, r9  + d(y l ,  r2) = n~. 
By Lemma 8, yl is adjacent o x2,. • •, x, and x0 is adjacent o yp+~, . . . ,  Yn2. 
We distinguish two cases: 
case (i) Xo is adjacent o yp and 
case (ii) Yl is adjacent o xp+l. 
By Lemma 8, we have in case (i) 
for l <-i <-p - 1, 
fo rp  + l~ j<~n2,  
in case (ii) 
for 1 <~ i ~<p, 
fo rp  +2~<j~<n2, 
d(xi, F2) = p + 1, d(yi, F2) = p,  
d(xj, F2) = n2 - p + 2, d(yj, F2) = n2 - p + 1, 
d(x i ,  1~2) -- p -~- 1, d(y i ,  1~2) = p -~ 1, 
d(xj ,  r9  = n2 - p + 1, d(yj, 1"2) = n2 - p + 1. 
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By the structure lemma, we obtain 
case(i)  n2+2=2p+2 
case (i i) n2 + 2 = 2p + 2 
(n2 is odd), 
(n2 is even). 
If we apply Lemma 8 to £2 - (Xo, Yo) and £2 - (xl, Y0) we obtain respectively: 
the graph Ea if n2 is odd; 
the graph E2 if n2 is even (see Fig. 2). [] 
6. Proof of the theorem: first case 
There are two adjacent vertices of £2, adjacent to the endvertices a and b of a 
hamiltonian path of £1. 
Let x e A, y e B be adjacent vertices of £2 adjacent to b and a. On a cycle of £2 
we consider x +, x - ,  y +, y - .  
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If x +, x - ,  y +, y -  are not adjacent o F~, 
d(x +, F2) + d(y +, F2) >I nl + n2 + 2, 
d(x- ,  + d(y- ,  r2) >I + n2 + 2. 
By Lemma 5, F2 - (x ,y )  is hamiltonian, and F~ + (x,y) and F2- (x ,y )  are 
solutions of the problem. Else, let (xoYoxlyl • "" xn~yn2) be a hamiltonian cycle of 
irE such that the cardinality of the pairs of consecutive vertices adjacent o a and b 
is minimum and suppose (xo, Yo) be adjacent to b and a. If F2-  (xo, Yo) is 
hamiltonian, F1 + (Xo, Y0) and F2 - (Xo, Yo) are solutions of the problem. 
Suppose irE- (Xo, Yo) is not hamiltonian. 
We consider case A and case B of the precedent paragraph. 
Case A. By Lemma 7, Xo is adjacent oyk and Yo is adjacent o Xk÷~; we consider 
the hamiltonian cycle of ~2:(y0Xl "'xkykx0yn2"'" Xk+l). By the hypothesis of 
minimality, one of the edges at least (a, Yk) or (b, Xk+x) exists, and F~ + (Xo, Yk) 
and F2 - (Xo, Yk) or F1 + (Yo, Xk+l) and F2 - (Yo, Xk+x) are solutions of the problem. 
Case B. Subcase I 
The endvertices a and b of a hamiltonian path of Fx are adjacent to three 
consecutive vertices of a hamiltonian cycle of F2. 
We can suppose that a is adjacent o Yo and b adjacent o Xo and x~. 
If F2 - (xa, Yo) is hamiltonian, F1 + (Xl, Yo) and F2 - (xl, Yo) are solutions of the 
problem. Else, by I_emma 9, F2 is the graph E1 if n2 is odd, the graph E2 if n2 is 
even and the subgraphs 
F2-(xo, yj) for p+l~j~n2 
or  
l~2--(Xl, Yi) for l<_ i<~p-1 
are hamiltonian. 
If a is not adjacent o any Yi, 1 ~< i ~<p - 1, or )9, p + 1 <-j <- n2, d(a, F2) ~< 2. By 
Lemma 9, forp + l<~j<~n2 d(yj, F2)=n2+l -p ,  then d(a, Fx)+d(yj,~)>~nl + 
p-  1; ~ + (xo, yj) contains a hamiltonian path with endvertices a and yj; by 
Lemma 2, Fx + (Xo, yj) is hamiltonian, Fa + (Xo, yj) and irE -- (X0, yj) are solutions of 
the problem. 
Subcase II 
The endvertices a and b of a hamiltonian path of Fx are adjacent o Yk and Xk, 
k~0. 
If 1 ~< k ~< p - 1 or p + 2 <~ k <~ n2, 1"1 + (Xk, Yk) and F2 - (xk, Yk) are solutions of 
the problem. 
If k=p,  the edges (xl, y~,) and 0'o, Xp) exist; the vertices Xo, Yo and Xp are 
consecutive on the hamiltonian cycle (xoYoXpyp_l'"xlypXp+l"" Xn,yn~) and we 
can conclude as in the first subcase. 
If k =p + 1, the argument is similar. 
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Subcase III 
The endvertices a and b of a hamiltonian path of F~ satisfy d(a, F2) + d(b, F2) >I 
n2+2.  
If we are not in one of the precedent subcases, there is k such that a is adjacent 
to  Y l , "  • • , Yk and b is adjacent o Xk÷~, Xk+2, • • •, Xn~, X0 and d(a, F2) + d(b, F2) = 
nz+2.  
If 1 ~< k <~p - 1 or if p + 1 ~< k ~< n2 - 1, F~ + (Yk, Xk+I) and F2 - (Yk, Xk+I) are 
solutions of the problem. 
If k =p,  i fp  <~n2 - 2, fo rp  + 2 <<- j <~ nz, dO,/, F2) = nE - p + 1, d(a, F2) = p + 1, 
then d(a, 1"1) + d(yj, rx) >t nl; 1"1 + (xj, yj) and F2 - (x/, y/) are solutions of the 
problem. 
The case p = n2 - 1, p I> 2 is similar, and if p = nz - 1 = 1, the argument is easy. 
Subcase IV 
For any hamiltonian path of F~, the endvertices a~ and fl satisfy d(a~, F2)+ 
d(fl, F2) <<- n2 + 1. 
Lemma 10. Under the hypothesis of subcase IV, F~ is hamiltonian and if a e A 
and f le  B are in F1, then 
d(~, ~)  + d(l~, 1"1) >>- n~ + 1, 
d(o:, 1"2) + d(fl, F2) <~ n2 + 1 
and there is a hamiltonian path in F1 with endvertices o: and ft. 
Proof. Let o~ and fl be the endvertices of a hamiltonian path of F~:d(a:, F~)+ 
d(fl, Ft) i> n~ + 1. By Lemma 2, F~ is hamiltonian; if o: ÷ is the successor of c~, on a 
hamiltonian cycle of F1: d(o~, F1) + d(c~ +, F1) i> nl + 1. 
Suppose that u e A,  v e B are in FI and satisfy 
then 
d(u, ~) + d(v , ~) <~ nl, 
By Lemma 6, F~ contains 
contradicts our hypothesis. 
d(u+, F1) + d(v+, F1) ~ nl + 2. 
a hamiltonian path with endvertices u and v, that 
[] 
Proof of the theorem in subcase IV 
d(x~, 1"2) + d(y~, ~)  = n2 + 2, 
SO 
d(xl, ~)  + d(Yn2, ~) >I nl, 
x~ and yn~ are adjacent to F~. 
By Lemma 8, one of the subgraphs F2 - (x~, Yo) or F2 - (x0, Yn2) is hamiltonian. 
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If F2 - (xl, Y0) is hamiltonian, let t5 • F1 be adjacent o xl. 
By Lemma 10, d(6 +, F~) + d(a ÷, F~) >t n~ + 1. 
By Lemma 6, F~ + (x~, Yo) is hamiltonian. F~ + (x~, Yo) 
solutions of the problem. [] 
and F2 - (x1 ,  Y0) are 
7. Proof of the theorem: second case 
For any hamiltonian path of F~, its endvertices a and b are not adjacent o two 
adjacent vertices of F2. 
Lemma 11. Under the hypothesis of  the second case, if o~ • A, fl • B are in F~, 
d(m, F2)~> 2, d(fl, F2) ~> 2, 
d(~, F1) + d(f l ,  Yl) ~ n I + 2, 
+ n2. 
Proof. Let u e A in F2 be not adjacent to F~ and b e B in Fx, d(b, F2)~ 
nl + n2 + 2 - d(u, G) - d(b , F O, d(b , -rE) >1 2; b is adjacent o vertices x • A in F2. 
Then y = x + is not adjacent o F~. By a similar argument if a • A is in F~, 
d(a, F2) >t 2. 
Suppose there are a~ • A, fl • B, two vertices of F~ that satisfy 
SO 
d (o:, F1) + d (fl, F 0 = nl + 1 
+ = n2 + 1. 
Necessarily te and fl are adjacent o two adjacent vertices of F2, which contradicts 
our hypothesis. [] 
Proof of the theorem in the second case. Let a e A and b e B be two vertices of 
F~, adjacent to y • B and x e A in F2. x and y are adjacent to two vertices, 
consecutive on a hamiltonian cycle of F2, y '  • B and x'  • A. Let 
F'~= F~ + (x, y ,x ' ,  y ')  
F'(Z= FE- (x, y ,x ' ,  y').  
F'~ is obviously hamiltonian. 
Let u • A, v • B be two vertices of F'~. We distinguish three cases 
(i) u and v are not adjacent o F~; 
(ii) u is adjacent o F~ and then u is not adjacent o y; 
(iii) u and v are adjacent o F~ and then are not adjacent o y and x. 
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In each case we can conclude that 
d(u, 1"9 + d(v, r9  >I n2 
and by Lemma 1, F~ is hamiltonian. 
Let (aboc2fl2.. • Oln l _ l f ln l _ l )  be a hamiltonian cycle of F1 and, if nl  I> 5, let for 
3 ~< i ~< n2 - 2, a~ = a~g, fl = fli be two vertices of F~ different from a and b. te and fl 
are adjacent o F~ in yl • B and Xl • A. If y~ and x~ are the successors of y~ and 
xl on a hamiltonian cycle of F~, 
then 
d(y ~, 1"2) + d(x~, 1"2) >t nl + n2 + 2, 
d(y~,U~) + d(x~,F~)>~nl +n2-2 .  
By Lemma 6, F~ + (tr, fl) is hamiltonian. Let t r -=  fli-1, f l+= aci+l. By Lemma 
11, d(tr- ,  1"1) + d(fl +, F~) I> nl + 2. We can deduce that U~ - (tr, fl) is hamil- 
tonian. If nl  I> 5, F~ - (tr, fl) and F'~ + (tr, fl) are solutions of the problem. The 
case nl ~< 4 is easy. [] 
We make a conjecture. 
Conjectere. I f  G is a balanced bipartite graph with bipartition (A, B), IAI = IBI = 
n, such that for any xeA,  y•B ,  d (x )+d(y  i )>tn+k,  then for any 
(nl, n2, • • •, nk), ni >I 2, n = nl + n2 + • • " + nk, G contains k independent cycles 
of  lengths 2nl, 2n2,. • •, 2nk. 
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